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What about me?

I am an agregate professor "professeur agrégé" in math.
teatching maths in Preparatory Classes of Engeineers
Schools, Morocco since 1995
My thesis is planned for ??-2009.
My advisor professor is Mohamed Rachid Hilal, from the
Faculty of Sciences Ain Chock, Casablanca, Morocco.

My Ismail Mamouni The conjecture (H)



What about me?

I am an agregate professor "professeur agrégé" in math.
teatching maths in Preparatory Classes of Engeineers
Schools, Morocco since 1995
My thesis is planned for ??-2009.
My advisor professor is Mohamed Rachid Hilal, from the
Faculty of Sciences Ain Chock, Casablanca, Morocco.

My Ismail Mamouni The conjecture (H)



What about me?

I am an agregate professor "professeur agrégé" in math.
teatching maths in Preparatory Classes of Engeineers
Schools, Morocco since 1995
My thesis is planned for ??-2009.
My advisor professor is Mohamed Rachid Hilal, from the
Faculty of Sciences Ain Chock, Casablanca, Morocco.

My Ismail Mamouni The conjecture (H)



Field of my resarch.

Rational Homotopy Theory
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Subject of my work.

In my research, I am interersted to the following conjecture:

The sum of the Betti numbers of a 1-connected elliptic space is
greater than the total rank of its homotopy groups.
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The conjecture H

The conjecture H: Topological version

If X is a 1-connected elliptic space then

dim H∗(X ,Q) ≥ dim (π∗(X )⊗Q)

Let us recall that a space X is called elliptic when both of
H∗(X ,Q) and π∗(X )⊗Q are finite-dimensional.
The conjecture H was formulated in 1990, by my advisor
professor Mohamed Rachid Hilali in his thesis with Yves Felix
(Univ. Louvain, Belgium) .
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Communications gived

I have the opportunity to give shirt talks in the following
conferences:

The Third Maghrebian Conference of Geometry, Topology
and Dynamic Systems , May 28 - June 02, 2007,
Marrakech, Morocco.
http://www.fstg-marrakech.ac.ma/colloque/ggtm.html
The 2007 Conference of the GDR " Algebraic Topology
and Applications" October 29-31, 2007 , Angers, France.
http://math.univ-
lille1.fr/ gdrtop05/Colloque2007/homepage.html.
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Communications missed.

I was invited to give shirt talks in the following events but could
not because of missing financial support.

The Graduate Student Homotopy Conference of
Cambridge, 4-7 December 2007, Cambridge, United
Kingdom.
http://www.srcf.ucam.org/cugms/homotopy2007.
The Conference on Algebraic and Geometric Topology,
9-13 June, 2008, Gdansk, Poland
http://math.univ.gda.pl/cagt/

I will miss another communication this september for personal
reason, the event is Conference on Homotopy Theory and
K-Theory, it will take place in Compostella-Spain, 15-19
September 2008, http://www.usc.es/regaca/ktht/index.htm
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Papers accepted

M.R. Hilali and M.I. Mamouni, A conjectured lower bound
for the cohomological dimension of elliptic spaces,
"Journal of Homotopy and Related Structures"
M.R. Hilali and M.I. Mamouni, A conjectured lower bound
for the cohomological dimension of elliptic spaces,
"Topology and its Applications"
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The tool: Models of Sullivan

Our main tool to model the conjecture H in an algebraic version
is the notion of Sullivan’s models
For any 1-connected space X of finite type, i.e.,
dim Hk (X ,Q) <∞ for all k ≥ 0, Denis Sullivan associated a
commutative differential graded algebra (ΛV ,d) (unique up to
isomorphism) , called minimal Sullivan model of X , which
algebraically models the rational homoptopy type of the space.
More precisely

H∗(ΛV ,d) ∼= H∗(X ,Q) as algebras
V ∼= π∗(X )⊗Q as vector spaces

Thus a space X is called elliptic when its model does, i.e., V
and H∗(ΛV ,d) are both finite-dimensional.
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1990
M.R Hilali

In his thesis in 1990, M.R. Hilali has shown that the conjecture
H holds for pure spaces; these are spaces for which the model
verifies the propretie {

dV even = 0
dV odd ⊂ V even
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2006
M.R Hilali and M.I. Mamouni

In 2006, we solved the conjecture H in the following cases:
For H-spaces.
For the so-called hyperelliptic spaces, under the additional

condition that χc ≥
1
2

(1 +
√
−12χπ − 15)

hyperelliptic spaces:
{

dV even = 0
dV odd ⊂ Λ+V even ⊗ ΛV odd

The cohomological Euler-Poincaré charachteristic:

χc :=
∑
k≥0

dim Hk (ΛV ,d)

The homotopical Euler-Poincaré charachteristic:

χπ :=
∑
k≥0

dim V k
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2007
M.R Hilali and M.I. Mamouni

In 2007, we solved the conjecture H in the following cases:
For 1-connected and hyperelliptic spaces with the
additional condition that −2 ≤ rk0(X ) + χπ ≤ 0
rk0(X ): The toral rank of a space X is the maximum of n
such that the toric Tn acts almost freely on X .
For 1-connected and elliptic spaces with the additional
condition that 0 ≤ fd(X )− rk0(X ) ≤ 6.
fd(X ): The formal dimension is the largest integer k such
that Hk (X ,Q) 6= 0.
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2007
M.R Hilali and M.I. Mamouni

In 2007, we also solved the conjecture H in the following cases:
For symplectic manifolds.
For cosymplectic manifolds.
For nilmanifolds.
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2008
M.R Hilali and M.I. Mamouni

In 2008, we were interested to some works of Barry Jessup and
Gregory Lupton on the homogeneous lenght of the differential.

Definition
We say that ΛV has differential d of homegeneous-length
k if dV ⊂ ΛkV .
We say that ΛV has differential d of homegeneous-length
at least k if dV ⊂ Λ≥kV .

Using these works, we have resolved the conjecture H in the
following cases:
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2008
M.R Hilali and M.I. Mamouni

If (ΛV ,d) is an elliptic minimal model with an
homogeneous-length differential and whose rational
Hurewicz homorphism is non-zero in some odd degree.
If (ΛV ,d) is an elliptic minimal model with an
homogeneous-length differential at least 3.
If (ΛV ,d) is an elliptic minimal model with a differential,
homogeneous of length 2 (i.e: coformal) with odd degree
generators only, (i.e., V even = 0)
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2008
M.R Hilali and M.I. Mamouni

Finally, our last and most important result is that we have
shown that the conjecture H holds for formal spaces.

Theorem
If X is a 1-connected and formal elliptic space, then

dim H∗(X ,Q) ≥ dim(π∗(X )⊗Q)
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2008
M.R Hilali and M.I. Mamouni

Steps of the proof.
We know form [?] that X admits a model (ΛV ,d) of the form

V = V0 ⊕ V1

with
V even

0 =
⊕

1≤i≤n
Qxi

V odd
0 =

⊕
1≤i≤q

Qzi

V1 = V odd
1 =

⊕
1≤j≤m

Qyj

dV0 = 0
dyj = wj ∈ ΛV0
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2008
M.R Hilali and M.I. Mamouni

Let (ΛV ,dσ) denotes the pur model associated to (Λ,V ),
(see [?]-page 438).
(Proposition 32.4, [?], page 438) states that
dim H∗(ΛV ,dσ) <∞.
Write wj = αj + βj where αj ∈ ΛV even

0 and
βj ∈ Λ+V odd

0 .ΛV0, then dσyj = αj .

H∗(ΛV ,dσ) =
Λ(x1, · · · ,xn)

(α1, · · · ,αm)
⊗ Λ(z1, · · · ,zq)

m = n and then dim V = 2n + q.
Let W0 = H0(Λ,V ),W1 = 〈[xi ], i = 1..n〉 and
W1 = 〈[xixj ], i ,j = 1..n〉.
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The minimalty of the model (dV ⊂ Λ≥2V ) insures us that
W0 ⊕W1 ⊕W2 ⊕ V odd

0 is a direct sum in H∗(ΛV ,d).
dim W0 = 1,dim W1 = n,dim V odd

0 = q.
On the other hand

W2 ⊕ (Λ2V even ∩ dV odd) = Λ2V even

dim Λ2V even =
n(n + 1)

2
dim(Λ2V even ∩ dV odd) ≤ n

dim W2 ≥
n(n + 1)

2
− n

Finally dim H∗(ΛV ,d) ≥ n(n+1)
2 + 1 + q

≥ 2n + q
= dim V
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Maybe the conjecture H will be resolved in the general case for
elliptic spaces
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