
❈❤❛♣✐tr❡ ✹

❈♦❤♦♠♦❧♦❣✐❡✱ str✉❝t✉r❡s

♠✉❧t✐♣❧✐❝❛t✐✈❡s

✹✳✶ ●r♦✉♣❡s ❞❡ ❝♦❤♦♠♦❧♦❣✐❡ ❡t ❝♦❡✣❝✐❡♥ts ✉♥✐✈❡rs❡❧s

✹✳✶✳✶ ❈♦♠♣❧❡①❡ ❞❡ ❝♦❝❤❛î♥❡s

❉é✜♥✐t✐♦♥ ✹✳✶✳✶✳ ❯♥ ❝♦♠♣❧❡①❡ ❞❡ ❝♦❝❤❛î♥❡s C = (Cn, δn) ❡st ✉♥❡ s✉✐t❡ ❞❡ ❣r♦✉♣❡s
❛❜é❧✐❡♥s Cn✱ n ∈ Z✱ ❡t ✉♥❡ s✉✐t❡ ❞❡ ♠♦r♣❤✐s♠❡s δn : Cn → Cn+1✱ ✈ér✐✜❛♥t ♣♦✉r t♦✉t n ✿
δn+1 ◦ δn = 0✳

❊t❛♥t ❞♦♥♥é ✉♥ ❝♦♠♣❧❡①❡ ❞❡ ❝♦❝❤❛î♥❡s (Cn, δn)✱ ♦♥ ❞é✜♥✐t s❛ ❝♦❤♦♠♦❧♦❣✐❡ ✿

Hn(C) =
Zn(C)

Bn(C)
,

♦ù Zn(C) = Ker(δn) ❡st ❧❡ s♦✉s✲❣r♦✉♣❡ ❞❡s ❝♦❝②❝❧❡s✱ ❡t Bn(C) = Im(δn−1) ❡st ❧❡ s♦✉s✲
❣r♦✉♣❡ ❞❡s ❝♦❜♦r❞s✳

▲❛ ❞✉❛❧✐té ♣❡r♠❡t ❞❡ ❝♦♥str✉✐r❡ ✉♥ ❝♦♠♣❧❡①❡ ❞❡ ❝♦❝❤❛î♥❡s à ♣❛rt✐r ❞✬✉♥ ❝♦♠♣❧❡①❡ ❞❡
❝❤❛î♥❡s✳ P❧✉s ❣é♥ér❛❧❡♠❡♥t✱ s✐ C = (C∗, ∂∗) ❡st ✉♥ ❝♦♠♣❧❡①❡ ❞❡ ❝❤❛î♥❡s ❡t G ✉♥ ❣r♦✉♣❡✱
❛❧♦rs ❧❡s ❣r♦✉♣❡s Cn = Hom(Cn, G) ❢♦r♠❡♥t ✉♥ ❝♦♠♣❧❡①❡ ❞❡ ❝♦❝❤❛î♥❡s ❛✈❡❝ ❧❡ ❝♦❜♦r❞
δn = (−1)n+1Hom(∂n+1, IdG)✳

▲❛ ❝♦❤♦♠♦❧♦❣✐❡ s✐♥❣✉❧✐èr❡ à ❝♦❡✣❝✐❡♥ts ❞❛♥s ❧❡ ❣r♦✉♣❡ ❛❜é❧✐❡♥ G ❡st ♦❜t❡♥✉❡ ❛✈❡❝ ❧❡s
❝♦♠♣❧❡①❡s ❞❡ ❝♦❝❤❛î♥❡s C∗(X,A;G) = Hom(C∗(X,A), G)) ✭ s♦✉s✲❣r♦✉♣❡ ❞❡ C∗(X,G)
❢♦r♠é ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ♥✉❧❧❡ s✉r C∗(A)✮✳

✷✶



✹✳✶✳✷ ❈♦❡✣❝✐❡♥ts ✉♥✐✈❡rs❡❧s

❖♥ r❛♣♣❡❧❧❡ q✉❡ t♦✉t s♦✉s✲♠♦❞✉❧❡ ❞✬✉♥ ♠♦❞✉❧❡ ❧✐❜r❡ s✉r ✉♥ ❛♥♥❡❛✉ ♣r✐♥❝✐♣❛❧ ❡st
❧✐❜r❡ ✶✳ ■❧ ❡♥ rés✉❧t❡ q✉❡ t♦✉t ♠♦❞✉❧❡ M s✉r ✉♥ ❛♥♥❡❛✉ ♣r✐♥❝✐♣❛❧ ❛ ✉♥❡ ♣rés❡♥t❛t✐♦♥
❧✐❜r❡ ✿ ✐❧ ❡①✐st❡ ✉♥❡ s✉✐t❡ ❡①❛❝t❡

0 −−−→ R
i

−−−→ L
p

−−−→ M −−−→ 0 ,

❛✈❡❝ L ❡t R q✉✐ s♦♥t ❞❡s ♠♦❞✉❧❡s ❧✐❜r❡s✳

❊①❡r❝✐❝❡ ✹✳✶✳✷✳ ❛✮ ▼♦♥tr❡r q✉❡ ❧❛ s✉✐t❡ ♦❜t❡♥✉❡ ❡♥ ❛♣♣❧✐q✉❛♥t ❧❡ ❢♦♥❝t❡✉r Hom( . , G) ✿

0 −−−→ Homk(M
′′, G) −−−→ Homk(M,G) −−−→ Homk(M

′, G) ,

❡st ❡①❛❝t❡✳
❜✮ ❊st✲❝❡ q✉❡ ❧❡ ❞❡r♥✐❡r ♠♦r♣❤✐s♠❡ ❡st s✉r❥❡❝t✐❢ ❡♥ ❣é♥ér❛❧ ❄

▲❡♠♠❡ ✹✳✶✳✸✳ ❙♦✐❡♥t k ✉♥ ❛♥♥❡❛✉ ♣r✐♥❝✐♣❛❧✱ M ✱ M ′✱ G ❞❡s k✲♠♦❞✉❧❡s✱ f : M → M ′

✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ k✲❧✐♥é❛✐r❡✱ ❡t ❞❡s ♣rés❡♥t❛t✐♦♥s ❧✐❜r❡s ✿

0 −−−→ R
i

−−−→ L
p

−−−→ M −−−→ 0 ,

0 −−−→ R′ i′

−−−→ L′
p′

−−−→ M ′ −−−→ 0 ,

✐❧ ❡①✐st❡ ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ ❧✐♥é❛✐r❡ ❝❛♥♦♥✐q✉❡ ❡♥tr❡ ❧❡s ❝♦♥♦②❛✉① ✿

coker(Homk(i
′, IdG)) −→ coker(Homk(i, IdG)) ,

✐♥❞✉✐t❡ ♣❛r ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞✉ ❢♦♥❝t❡✉r Homk( . , G) à ❧❛ r❡str✐❝t✐♦♥ à R ❞✬✉♥ r❡❧è✈❡♠❡♥t
à L′ ❞❡ f ◦ p✳

❚❤é♦rè♠❡ ✹✳✶✳✹✳ ❆✈❡❝ ❧❡s ♥♦t❛t✐♦♥s ♣ré❝é❞❡♥t❡s✱ ❧❡ ❣r♦✉♣❡

Extk(M,G) = coker(Homk(i, IdG))

❡st ❝❛♥♦♥✐q✉❡ ❡t Extk s✬ét❡♥❞ ❡♥ ✉♥ ❜✐❢♦♥❝t❡✉r✱ ❝♦♥tr❛✈❛r✐❛♥t ❞❛♥s ❧❛ ♣r❡♠✐èr❡ ✈❛r✐❛❜❧❡
❡t ❝♦✈❛r✐❛♥t ❞❛♥s ❧❛ s❡❝♦♥❞❡✳ ❉❛♥s ❧❡ ❝❛s ♦ù ❧✬❛♥♥❡❛✉ ❡st Z ✭❣r♦✉♣❡s ❛❜é❧✐❡♥s✮ ♦♥ ♥♦t❡
s✐♠♣❧❡♠❡♥t Ext(M,G)✳

❊①❡r❝✐❝❡ ✹✳✶✳✺✳ ▼♦♥tr❡r q✉❡ s✐ ♦♥ ❛ ✉♥❡ s✉✐t❡ ❡①❛❝t❡ ❞❡ k✲♠♦❞✉❧❡s ❛✈❡❝ k ✉♥ ❛♥♥❡❛✉
♣r✐♥❝✐♣❛❧ ✿

0 −−−→ M ′ −−−→ M −−−→ M ′′ −−−→ 0 ,

❛❧♦rs ♣♦✉r t♦✉t k✲♠♦❞✉❧❡ G ✐❧ ❡①✐st❡ ✉♥❡ s✉✐t❡ ❡①❛❝t❡

0 −−−→ Hom(M ′′, G) −−−→ Hom(M,G) −−−→ Hom(M ′, G) −−−→ ,

Extk(M
′′, G) −−−→ Extk(M,G) −−−→ Extk(M

′, G) −−−→ 0 ,

✶✳ ❉❛♥s ❧❡ ❝❛s ❣é♥ér❛❧✱ ❧❛ ♣r❡✉✈❡ ✉t✐❧✐s❡ ✉♥❡ ré❝✉rr❡♥❝❡ tr❛♥s✜♥✐❡✳ ❱♦✐r ♣❛r ❡①❡♠♣❧❡ ❧❡ ❧✐✈r❡ ❞❡

❍✉♥❣❡r❢♦r❞✱ ❆❧❣❡❜r❛✱ ❝❤■❱✳✻✳

✷✷



❊①❡r❝✐❝❡ ✹✳✶✳✻✳ ▼♦♥tr❡r q✉❡ ♣♦✉r n > 0 ✿ Ext(Z/nZ, G) ∼= G/nG ❡t q✉❡ Ext(Z, G) ❡st
♥✉❧✳

❊①❡r❝✐❝❡ ✹✳✶✳✼✳ ▼♦♥tr❡r q✉❡ ♣♦✉r G ✜①é✱ Extk(⊕iMi, G) ∼=
∏

i Extk(Mi, G)✳

❚❤é♦rè♠❡ ✹✳✶✳✽ ✭❈♦❡✣❝✐❡♥ts ✉♥✐✈❡rs❡❧s✮✳ ❊t❛♥t ❞♦♥♥é ✉♥ ❝♦♠♣❧❡①❡ ❞❡ ❝❤❛î♥❡s ❧✐❜r❡
C = (C∗, ∂∗)✱ ♣♦✉r t♦✉t ❣r♦✉♣❡ ❛❜é❧✐❡♥ G ✐❧ ❡①✐st❡ ✉♥❡ s✉✐t❡ ❡①❛❝t❡ ♥❛t✉r❡❧❧❡

0 −−−→ Ext(Hn−1(C), G) −−−→ Hn(Hom(C,G)) −−−→ Hom(Hn(C), G) −−−→ 0 .

❉❡ ♣❧✉s ❧❛ s✉✐t❡ ❡st s❝✐♥❞é❡✱ ♠❛✐s ♥❡ ❧✬❡st ♣❛s ♥❛t✉r❡❧❧❡♠❡♥t✳

❊①❡r❝✐❝❡ ✹✳✶✳✾✳ ❈❛❧❝✉❧❡r H∗(RP n,Z/2Z) ❡t H∗(RP n,Z)✳

✹✳✶✳✸ ❈♦❤♦♠♦❧♦❣✐❡ s✐♥❣✉❧✐èr❡

▲❛ ❝♦♥str✉❝t✐♦♥ ♣ré❝é❞❡♥t❡ ♣❡r♠❡t ❞❡ ❞é✜♥✐r ❧❛ ❝♦❤♦♠♦❧♦❣✐❡ s✐♥❣✉❧✐èr❡ ❞✬✉♥❡ ♣❛✐r❡
❞✬❡s♣❛❝❡s à ❝♦❡✣❝✐❡♥ts ❞❛♥s ✉♥ ❣r♦✉♣❡ ❛❜é❧✐❡♥ G ✿ H∗(X, Y ;G)✳ ▲❡s ♣r♦♣r✐étés ❞✬❡①✲
❛❝t✐t✉❞❡✱ ❤♦♠♦t♦♣✐❡ ❡t ❡①❝✐s✐♦♥ ✈❛❧❡♥t ♣♦✉r ❧❛ ❝♦❤♦♠♦❧♦❣✐❡✳ P♦✉r ❧❡s ❈❲✲❝♦♠♣❧❡①❡s✱
❧✬✐s♦♠♦r♣❤✐s♠❡ ♥❛t✉r❡❧ ❛✈❡❝ ❧✬❤♦♠♦❧♦❣✐❡ ❝❡❧❧✉❧❛✐r❡ ✈❛✉t é❣❛❧❡♠❡♥t ♣♦✉r ❧❛ ❝♦❤♦♠♦❧♦❣✐❡✳

❯♥❡ s✉✐t❡ ❡①❛❝t❡ ❞❡ ❝♦❡✣❝✐❡♥ts ❞♦♥♥❡ ❧✐❡✉ à ✉♥❡ s✉✐t❡ ❡①❛❝t❡ ❞❡s ❝♦♠♣❧❡①❡s ❞❡
❝♦❝❤❛î♥❡s✱ ❞♦♥❝ à ✉♥❡ s✉✐t❡ ❡①❛❝t❡ ❧♦♥❣✉❡ ❞✐t❡ ❞❡ ❇♦❝❦st❡✐♥✳ P♦✉r ❧❛ ❝♦❤♦♠♦❧♦❣✐❡ ❞❡s
♣❛✐r❡s ❞✬❡s♣❛❝❡s ✿

❚❤é♦rè♠❡ ✹✳✶✳✶✵✳ ❊t❛♥t ❞♦♥♥é ✉♥❡ s✉✐t❡ ❡①❛❝t❡ ❞❡ ❣r♦✉♣❡s ❛❜é❧✐❡♥s ✿

0 −−−→ G′ −−−→ G −−−→ G′′ −−−→ 0 ,

✐❧ ❡①✐st❡ ✉♥❡ s✉✐t❡ ❡①❛❝t❡ ❧♦♥❣✉❡ ♥❛t✉r❡❧❧❡ ♣♦✉r ❧❡s ♣❛✐r❡s ❞✬❡s♣❛❝❡s ✿

−−−→ Hn(X, Y ;G′) −−−→ Hn(X, Y ;G) −−−→ Hn(X, Y ;G′′)
β

−−−→ Hn+1(X, Y ;G′) −−−→ .

❊①❡r❝✐❝❡ ✹✳✶✳✶✶✳ ❊①♣❧✐❝✐t❡r ❧❡ ❝♦♥♥❡❝t❛♥t β ✭❇♦❝❦st❡✐♥✮✳

✹✳✷ ❍♦♠♦❧♦❣✐❡ ❛✈❡❝ ❝♦❡✣❝✐❡♥ts

▲✬❤♦♠♦❧♦❣✐❡ s✐♥❣✉❧✐èr❡ à ❝♦❡✣❝✐❡♥ts ❞❛♥s ❧❡ ❣r♦✉♣❡ ❛❜é❧✐❡♥ G ❡st ♦❜t❡♥✉❡ ❛✈❡❝ ❧❡s
❝♦♠♣❧❡①❡s ❞❡ ❝❤❛î♥❡s C∗(X,A;G) = C∗(X,A)⊗G✳

✷✸



❈♦❡✣❝✐❡♥ts ✉♥✐✈❡rs❡❧s

▲❡♠♠❡ ✹✳✷✳✶✳ ❙♦✐❡♥t k ✉♥ ❛♥♥❡❛✉ ♣r✐♥❝✐♣❛❧✱ M ✱ M ′✱ G ❞❡s k✲♠♦❞✉❧❡s✱ f : M → M ′

✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ k✲❧✐♥é❛✐r❡✱ ❡t ❞❡s ♣rés❡♥t❛t✐♦♥s ❧✐❜r❡s ✿

0 −−−→ R
i

−−−→ L
p

−−−→ M −−−→ 0 ,

0 −−−→ R′ i′

−−−→ L′
p′

−−−→ M ′ −−−→ 0 .

■❧ ❡①✐st❡ ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ ❧✐♥é❛✐r❡ ❝❛♥♦♥✐q✉❡ ❡♥tr❡ ❧❡s ♥♦②❛✉① ✿

ker(p⊗ IdG) −→ ker(p′ ⊗ IdG) ,

♦❜t❡♥✉ ♣❛r ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞✉ ❢♦♥❝t❡✉r . ⊗G à ❧❛ r❡str✐❝t✐♦♥ à R ❞✬✉♥ r❡❧è✈❡♠❡♥t ❞❡ f ◦ p
à L′✳

❚❤é♦rè♠❡ ✹✳✷✳✷✳ ❆✈❡❝ ❧❡s ♥♦t❛t✐♦♥s ♣ré❝é❞❡♥t❡s✱ ❧❡ ❣r♦✉♣❡

Tork(M,G) = ker(p⊗ IdG))

❡st ❝❛♥♦♥✐q✉❡ ❡t Tork s✬ét❡♥❞ ❡♥ ✉♥ ❜✐❢♦♥❝t❡✉r ❝♦✈❛r✐❛♥t ❞❛♥s ❧❡s ✷ ✈❛r✐❛❜❧❡s✳

❉❛♥s ❧❡ ❝❛s ❞❡ ❧✬❛♥♥❡❛✉ Z✱ ♦♥ ♥♦t❡ s✐♠♣❧❡♠❡♥t Tor(M,G)✳

❊①❡r❝✐❝❡ ✹✳✷✳✸✳ ▼♦♥tr❡r q✉❡ s✐ ♦♥ ❛ ✉♥❡ s✉✐t❡ ❡①❛❝t❡ ❞❡ k✲♠♦❞✉❧❡s ❛✈❡❝ k ✉♥ ❛♥♥❡❛✉
♣r✐♥❝✐♣❛❧ ✿

0 −−−→ M ′ −−−→ M −−−→ M ′′ −−−→ 0 ,

❛❧♦rs ♣♦✉r t♦✉t k✲♠♦❞✉❧❡ G ✐❧ ❡①✐st❡ ✉♥❡ s✉✐t❡ ❡①❛❝t❡

0 −−−→ Tork(M ′, G) −−−→ Tork(M,G) −−−→ Tork(M ′′, G) −−−→ ,

M ′ ⊗G −−−→ M ⊗G −−−→ M ′′ ⊗G −−−→ 0 ,

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✹✳ ❙♦✐t k ✉♥ ❛♥♥❡❛✉ ♣r✐♥❝✐♣❛❧ ❡t G ✉♥ k✲♠♦❞✉❧❡✳
❛✮ Tork(k, G) ❡st ♥✉❧✳
❜✮ P♦✉r a ∈ k− {0} ✿ Tork(k/ak, G) ∼= {x ∈ G, ax = 0}✳
❝✮ P♦✉r ✉♥❡ ❢❛♠✐❧❧❡ Mi✱ i ∈ I✱ ❞❡ k✲♠♦❞✉❧❡s ✿

Tork(⊕iMi, G) ∼= ⊕iTor
k(Mi, G) .

❚❤é♦rè♠❡ ✹✳✷✳✺ ✭❈♦❡✣❝✐❡♥ts ✉♥✐✈❡rs❡❧s✮✳ ❊t❛♥t ❞♦♥♥é ✉♥ ❝♦♠♣❧❡①❡ ❞❡ ❝❤❛î♥❡s ❧✐❜r❡
s✉r k✱ C = (C∗, ∂∗)✱ ♣♦✉r t♦✉t k✲♠♦❞✉❧❡ G ✐❧ ❡①✐st❡ ✉♥❡ s✉✐t❡ ❡①❛❝t❡ ♥❛t✉r❡❧❧❡

0 −−−→ Hn(C)⊗G −−−→ Hn(C ⊗G) −−−→ Tork(Hn−1(C), G) −−−→ 0 .

❉❡ ♣❧✉s ❧❛ s✉✐t❡ ❡st s❝✐♥❞é❡✱ ♠❛✐s ♥❡ ❧✬❡st ♣❛s ♥❛t✉r❡❧❧❡♠❡♥t✳

❊①❡♠♣❧❡ ✹✳✷✳✻✳ Hk(RP
n,Z/2Z) ≃

{

Z/2Z s✐ 0 ≤ k ≤ n ❀
{0} s✐♥♦♥✳

✷✹



✹✳✷✳✶ ❍♦♠♦❧♦❣✐❡ s✐♥❣✉❧✐èr❡ ❛✈❡❝ ❝♦❡✣❝✐❡♥ts

▲❛ ❝♦♥str✉❝t✐♦♥ ♣ré❝é❞❡♥t❡ ♣❡r♠❡t ❞❡ ❞é✜♥✐r ❧✬❤♦♠♦❧♦❣✐❡ s✐♥❣✉❧✐èr❡ ❞✬✉♥❡ ♣❛✐r❡ ❞✬❡s✲
♣❛❝❡s à ❝♦❡✣❝✐❡♥ts ❞❛♥s ✉♥ ❣r♦✉♣❡ ❛❜é❧✐❡♥ G ✿ H∗(X, Y ;G)✳ ▲❡s ♣r♦♣r✐étés ❞✬❡①❛❝t✐t✉❞❡✱
❤♦♠♦t♦♣✐❡ ❡t ❡①❝✐s✐♦♥ ✈❛❧❡♥t ❡♥❝♦r❡✱ ❛✐♥s✐ q✉❡ ❧✬✐s♦♠♦r♣❤✐s♠❡ ♥❛t✉r❡❧ ❛✈❡❝ ❧✬❤♦♠♦❧♦❣✐❡
❝❡❧❧✉❧❛✐r❡ ♣♦✉r ❧❡s ❈❲✲❝♦♠♣❧❡①❡s✳

❯♥❡ s✉✐t❡ ❡①❛❝t❡ ❞❡ ❝♦❡✣❝✐❡♥ts ❞♦♥♥❡ ❛✉ss✐ ❧✐❡✉ à ✉♥❡ s✉✐t❡ ❡①❛❝t❡ ❞❡ ❇♦❝❦st❡✐♥✳
P♦✉r ❧✬❤♦♠♦❧♦❣✐❡ ❞❡s ♣❛✐r❡s ❞✬❡s♣❛❝❡s ✿

❚❤é♦rè♠❡ ✹✳✷✳✼✳ ❊t❛♥t ❞♦♥♥é ✉♥❡ s✉✐t❡ ❡①❛❝t❡ ❞❡ ❣r♦✉♣❡s ❛❜é❧✐❡♥s ✿

0 −−−→ G′ −−−→ G −−−→ G′′ −−−→ 0 ,

✐❧ ❡①✐st❡ ✉♥❡ s✉✐t❡ ❡①❛❝t❡ ❧♦♥❣✉❡ ♥❛t✉r❡❧❧❡ ♣♦✉r ❧❡s ♣❛✐r❡s ❞✬❡s♣❛❝❡s ✿

−−−→ Hn(X, Y ;G′) −−−→ Hn(X, Y ;G) −−−→ Hn(X, Y ;G′′)
β

−−−→ Hn−1(X, Y ;G′) −−−→ .

❊①❡r❝✐❝❡ ✹✳✷✳✽✳ ❉❛♥s ❧❡ ❝❛s ❞❡ ❧❛ s✉✐t❡ ❡①❛❝t❡ ❞❡ ❝♦❡✣❝✐❡♥ts ✿

0 −−−→ Z −−−→ Q −−−→ Q/Z −−−→ 0 ,

♠♦♥tr❡r q✉❡ ❧✬✐♠❛❣❡ ❞✉ ❝♦♥♥❡❝t❛♥t ❞❡ ❇♦❝❦st❡✐♥ β ❡st é❣❛❧❡ à ❧❛ t♦rs✐♦♥ ❞❡
Hn−1(X, Y ;Z)✳

✹✳✸ ❍♦♠♦❧♦❣✐❡ ❞❡s ♣r♦❞✉✐ts

✹✳✸✳✶ Pr♦❞✉✐t t❡♥s♦r✐❡❧ ❞❡ ❝♦♠♣❧❡①❡s

❊t❛♥t ❞♦♥♥és ❞❡✉① ❝♦♠♣❧❡①❡s C = (C∗, ∂∗) ❡t C ′ = (C ′

∗
, ∂′

∗
)✱ ❧❡✉r ♣r♦❞✉✐t t❡♥s♦r✐❡❧

❡st ❧❡ ❣r♦✉♣❡ ❛❜é❧✐❡♥ ❣r❛❞✉é

(C ⊗ C ′)n =
∑

p+q=n

Cp ⊗ Cq ,

♠✉♥✐ ❞✉ ❜♦r❞ ❞é✜♥✐ ♣❛r ∂(x⊗ x′) = ∂x⊗ x′ + (−1)deg(x)x⊗ ∂x′✳

❚❤é♦rè♠❡ ✹✳✸✳✶ ✭❑✉♥♥❡t❤ ❛❧❣é❜r✐q✉❡✮✳ ❙✐ C ❡t C ′ s♦♥t ❞❡s ❝♦♠♣❧❡①❡s ❧✐❜r❡s✱ ❛❧♦rs ✐❧
❡①✐st❡ ✉♥❡ s✉✐t❡ ❡①❛❝t❡ ♥❛t✉r❡❧❧❡ ✿

0 −−−→ (H∗(C)⊗H∗(C
′))n −−−→ Hn(C ⊗ C ′) −−−→ Tor(H∗(C), H∗(C

′))n−1 −−−→ 0 ,

❡t ❝❡tt❡ s✉✐t❡ ❡st s❝✐♥❞é❡✳

❘❡♠❛rq✉❡ ✹✳✸✳✷✳ ❈❡t é♥♦♥❝é ✈❛✉t ♣♦✉r ❞❡s ❝♦♠♣❧❡①❡s ❧✐❜r❡s s✉r ✉♥ ❛♥♥❡❛✉ ♣r✐♥❝✐♣❛❧ k
✭❛✈❡❝ ❞❡s ♣r♦❞✉✐ts t❡♥s♦r✐❡❧s ❞❡ k✲♠♦❞✉❧❡s✮✳

✷✺



✹✳✸✳✷ ❊q✉✐✈❛❧❡♥❝❡ ❞✬❊✐❧❡♥❜❡r❣✲❩✐❧❜❡r

P♦✉r ét✉❞✐❡r ❧✬❤♦♠♦❧♦❣✐❡ ❞✬✉♥ ♣r♦❞✉✐t ✿ H∗(X × Y )✱ ✐❧ ❡st ✉t✐❧❡ ❞❡ ❝♦♠♣❛r❡r ❧❡s
❞❡✉① ❝♦♠♣❧❡①❡s ✿ C∗(X × Y ) ❡t C∗(X) ⊗ C∗(Y )✳ ❈❡✉①✲❝✐ ❞é✜♥✐ss❡♥t ❞❡✉① ❜✐❢♦♥❝t❡✉rs
s✉r ❧❛ ❝❛té❣♦r✐❡ ❞❡s ❡s♣❛❝❡s t♦♣♦❧♦❣✐q✉❡s ✭❞❡✉① ❢♦♥❝t❡✉rs s✉r ❧❛ ❝❛té❣♦r✐❡ ❞❡s ❝♦✉♣❧❡s
❞✬❡s♣❛❝❡s t♦♣♦❧♦❣✐q✉❡s✮✳ ❈❡s ❞❡✉① ❢♦♥❝t❡✉rs s♦♥t ❧✐❜r❡s ❡t ❛❝②❝❧✐q✉❡s ❛✈❡❝ ♠♦❞è❧❡s ❧❡s
♣r♦❞✉✐ts ∆p ×∆q✳ ■❧ ❡♥ rés✉❧t❡ q✉❡ ❧✬❛♣♣❧✐❝❛t✐♦♥ ❝❛♥♦♥✐q✉❡ ❡♥ ❞❡❣ré ③ér♦ s✬ét❡♥❞ ❡♥ ✉♥❡
éq✉✐✈❛❧❡♥❝❡ ❞✬❤♦♠♦t♦♣✐❡ ❡♥tr❡ ❝❡s ❞❡✉① ❝♦♠♣❧❡①❡s✱ ✉♥✐q✉❡ à ❤♦♠♦t♦♣✐❡ ♣rès✳

❚❤é♦rè♠❡ ✹✳✸✳✸✳ ■❧ ❡①✐st❡ ❞❡s ♠♦r♣❤✐s♠❡s ♥❛t✉r❡❧s ✉♥✐q✉❡s à ❤♦♠♦t♦♣✐❡ ♣rès ✿

× : C∗(X)⊗ C∗(Y ) → C∗(X × Y ) ,

❡t
EZ : C∗(X × Y ) → C∗(X)⊗ C∗(Y ) ,

q✉✐ ét❡♥❞❡♥t ❧✬❛♣♣❧✐❝❛t✐♦♥ ❝❛♥♦♥✐q✉❡ ❡♥ ❞❡❣ré ③ér♦✳ ❈❡s ♠♦r♣❤✐s♠❡s ❞❡ ❝❤❛î♥❡s s♦♥t
✐♥✈❡rs❡s à ❤♦♠♦t♦♣✐❡ ♣rès✳

✹✳✸✳✸ ❚❤é♦rè♠❡ ❞❡ ❑✉♥♥❡t❤ ❣é♦♠étr✐q✉❡

❚❤é♦rè♠❡ ✹✳✸✳✹ ✭❑✉♥♥❡t❤ ❣é♦♠étr✐q✉❡✮✳ ■❧ ❡①✐st❡ ✉♥❡ s✉✐t❡ ❡①❛❝t❡ ♥❛t✉r❡❧❧❡ ✿

0 −−−→ (H∗(X)⊗H∗(Y ))n −−−→ Hn(X × Y ) −−−→ Tor(H∗(X), H∗(Y ))n−1 −−−→ 0 ,

❡t ❝❡tt❡ s✉✐t❡ ❡st s❝✐♥❞é❡✳

P❧✉s ❣é♥ér❛❧❡♠❡♥t ✿

❚❤é♦rè♠❡ ✹✳✸✳✺ ✭❑✉♥♥❡t❤ ❣é♦♠étr✐q✉❡✱ ❝❛s r❡❧❛t✐❢✮✳ P♦✉r A ♦✉✈❡rt ❞❡ X ❡t B ♦✉✈❡rt
❞❡ Y ✱ ✐❧ ❡①✐st❡ ✉♥❡ s✉✐t❡ ❡①❛❝t❡ ♥❛t✉r❡❧❧❡ ✿

0 −−−→ (H∗(X,A)⊗H∗(Y,B))n −−−→ Hn(X × Y,X × B ∪ A× Y )

−−−→ Tor(H∗(X,A), H∗(Y,B))n−1 −−−→ 0 ,

❡t ❝❡tt❡ s✉✐t❡ ❡st s❝✐♥❞é❡✳

❘❡♠❛rq✉❡ ✹✳✸✳✻✳ ▲❡ t❤é♦rè♠❡ ❞❡ ❑✉♥♥❡t❤ ❡st ✈❛❧✐❞❡ ❛✈❡❝ ❝♦❡✣❝✐❡♥ts ❞❛♥s ✉♥ ❛♥♥❡❛✉
♣r✐♥❝✐♣❛❧✳

✷✻



✹✳✹ Pr♦❞✉✐t ❡①tér✐❡✉r ❡♥ ❝♦❤♦♠♦❧♦❣✐❡

❙♦✐t k ✉♥ ❛♥♥❡❛✉✳ ▲❡ ♣r♦❞✉✐t t❡♥s♦r✐❡❧ ❞❡ ❞❡✉① ❝♦❝❤❛î♥❡s f ∈ Cp(X,k)✱ g ∈ Cq(Y,k)
❡st ❧✬é❧é♠❡♥t ❞❡ Hom(Cp(X)⊗ Cq(Y ),k) ❞é✜♥✐ ♣❛r

< f ⊗ g, x⊗ y >= (−1)pq < f, x >< g, y > .

▲❡ ♣r♦❞✉✐t ❡①tér✐❡✉r ❞❡s ❝♦❝❤❛î♥❡s ✿

× : Cp(X,k)⊗ Cq(Y,k) → Cp+q(X × Y,k)

❡st ❞é✜♥✐ ♣❛r ✿
< f × g, c >=< f ⊗ g, EZ(c) >,

♦ù EZ ❡st ✉♥❡ éq✉✐✈❛❧❡♥❝❡ ❞✬❤♦♠♦t♦♣✐❡ ❞✬❊✐❧❡♥❜❡r❣✲❩✐❧❜❡r✳

Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✶✳ ❛✮ ▲❡ ♣r♦❞✉✐t ❡①tér✐❡✉r ❡st ✉♥ ♠♦r♣❤✐s♠❡ ❞❡ ❝♦❝❤❛î♥❡s ✿

δ(f × g) = δf × g + (−1)deg(f)f × δg .

❜✮ ■❧ ✐♥❞✉✐t ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ ♥❛t✉r❡❧❧❡ ❡♥ ❝♦❤♦♠♦❧♦❣✐❡ ✿

× : Hp(X,k)⊗Hq(Y,k) → Hp+q(X × Y,k) .

❝✮ P♦✉r A ♦✉✈❡rt ❞❡ X ❡t B ♦✉✈❡rt ❞❡ Y ✱ ❧❡ ♣r♦❞✉✐t ❡①tér✐❡✉r ✐♥❞✉✐t ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥
♥❛t✉r❡❧❧❡ ❡♥ ❝♦❤♦♠♦❧♦❣✐❡ r❡❧❛t✐✈❡ ✿

× : Hp(X,A;k)⊗Hq(Y,B;k) → Hp+q(X × Y,A× Y ∪X × B;k) .

Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✷✳ ❛✮ ▲❡ ♣r♦❞✉✐t ❡①tér✐❡✉r ❡♥ ❝♦❤♦♠♦❧♦❣✐❡ ❡st ❛ss♦❝✐❛t✐❢✳
❜✮ ❙✐ 1X ∈ H0(X,k) ♥♦t❡ ❧❛ ❝❧❛ss❡ ❞❡ ❝♦❤♦♠♦❧♦❣✐❡ ❞❡ ❧✬❛✉❣♠❡♥t❛t✐♦♥ ❡t πY : X×Y → Y
❡st ❧❛ ♣r♦❥❡❝t✐♦♥✱ ♦♥ ❛ ✿

∀β ∈ Hq(Y,k) 1X × β = π∗

Y (β) .

❝✮ ❙♦✐t P : X × Y → Y ×X ❧❛ ♣❡r♠✉t❛t✐♦♥ ❞❡s ❞❡✉① ❢❛❝t❡✉rs✳

∀α ∈ Hp(X,k) , ∀β ∈ Hq(Y,k) : P ∗(β × α) = (−1)pqα× β .

❞✮ P♦✉r α ∈ Hp(X,k)✱ β ∈ Hq(Y,k)✱ x ∈ Hp(X,k)✱ y ∈ Hq(Y,k)✱

< α× β, x× y >= (−1)pq < α, x >< β, y > .

✷✼



✹✳✺ ❆❧❣è❜r❡ ❞❡ ❝♦❤♦♠♦❧♦❣✐❡

✹✳✺✳✶ ❉é✜♥✐t✐♦♥ ❞✉ ♣r♦❞✉✐t ❝✉♣

❉é✜♥✐t✐♦♥ ✹✳✺✳✶✳ ❯♥❡ ❞✐❛❣♦♥❛❧❡ ❡st ✉♥ ♠♦r♣❤✐s♠❡ ❞❡ ❝❤❛î♥❡s ♥❛t✉r❡❧

diag : C∗(X) → C∗(X)⊗ C∗(X) ,

q✉✐ ét❡♥❞ ❧✬✐♥❝❧✉s✐♦♥ ❞✐❛❣♦♥❛❧❡ ❞❡s 0✲s✐♠♣❧❡①❡s ✿ x 7→ x⊗ x✳

▲❡s ♠♦❞è❧❡s ❛❝②❝❧✐q✉❡s ❥✉st✐✜❡♥t ❧✬❡①✐st❡♥❝❡ ❡t ❧✬✉♥✐❝✐té à ❤♦♠♦t♦♣✐❡ ♣rès ❞✬✉♥❡ ❞✐❛❣✲
♦♥❛❧❡✳ ❖♥ ♦❜t✐❡♥t ✉♥❡ ❞✐❛❣♦♥❛❧❡ ❡♥ ❝♦♠♣♦s❛♥t ❧✬❛♣♣❧✐❝❛t✐♦♥ C∗(d)✱ ♦ù d : X → X ×X
❡st ❧✬✐♥❝❧✉s✐♦♥ ❞✐❛❣♦♥❛❧❡✱ ❛✈❡❝ ✉♥ ♠♦r♣❤✐s♠❡ ❞✬❊✐❧❡♥❜❡r❣✲❩✐❧❜❡r✳ ❯♥❡ ❞✐❛❣♦♥❛❧❡ ❡①♣❧✐❝✐t❡
✭❆❧❡①❛♥❞❡r✲❲❤✐t♥❡②✮ ❡st ❞♦♥♥é❡ ♣♦✉r ✉♥ n✲s✐♠♣❧❡①❡ σ ♣❛r ❧❛ ❢♦r♠✉❧❡ ✿

σ 7→
∑

p+q=n

pσ ⊗ σq ,

♦ù pσ ❡st ❧❛ p✲❢❛❝❡ ❛✈❛♥t ✿ pσ(t0, . . . , tp) = σ(t0, . . . , tp, 0, . . . , 0) ❡t σq ❡st ❧❛ q✲❢❛❝❡ ❛rr✐èr❡ ✿
σq(t0, . . . , tq) = σ(0, . . . , 0, t0, . . . , tq)✳

❖♥ ❞é✜♥✐t ❧❡ ♣r♦❞✉✐t ❝✉♣ ❞❡s ❝♦❝❤❛î♥❡s à ❝♦❡✣❝✐❡♥ts ❞❛♥s ✉♥ ❛♥♥❡❛✉ k ❡♥ ❞✉❛❧✐s❛♥t
❧❛ ❞✐❛❣♦♥❛❧❡ ✿

P♦✉r u ∈ Cp(X,k)✱ v ∈ Cq(X,k) < u ∪ v, x >=< u⊗ v, diag(x) > .

❘❡♠❛rq✉❡ ✹✳✺✳✷✳ P♦✉r ❧❛ ❞✐❛❣♦♥❛❧❡ ❞✬❆❧❡①❛♥❞❡r✲❲❤✐t♥❡②✱ ❧✬é✈❛❧✉❛t✐♦♥ s✉r ✉♥ s✐♠♣❧❡①❡
❡st ❞♦♥♥é❡ ♣❛r ❧❛ ❢♦r♠✉❧❡ ✿

P♦✉r u ∈ Cp(X,k)✱ v ∈ Cq(X,k) < u ∪ v, σ >= (−1)pq < u, pσ >< v, σq > .

❚❤é♦rè♠❡ ✹✳✺✳✸✳ ❛✮ ▲❡ ♣r♦❞✉✐t ❝✉♣ ❡st ✉♥ ♠♦r♣❤✐s♠❡ ♥❛t✉r❡❧ ❞❡ ❝♦♠♣❧❡①❡s ❞❡
❝♦❝❤❛î♥❡s ✿ δ(u ∪ v) = δu ∪ v + (−1)deg(u)u ∪ δv✳
❜✮ ■❧ ✐♥❞✉✐t s✉r ❧❛ ❝♦❤♦♠♦❧♦❣✐❡ ✉♥❡ ♦♣ér❛t✐♦♥ ❜✐❡♥ ❞é✜♥✐❡ ✭✐♥❞é♣❡♥❞❛♥t❡ ❞❡ ❧❛ ❞✐❛❣♦♥❛❧❡
❝❤♦✐s✐❡✮✱ q✉✐ ♠✉♥✐t H∗(X,k) ❞✬✉♥❡ str✉❝t✉r❡ ♥❛t✉r❡❧❧❡ ❞✬❛♥♥❡❛✉✳
❝✮ ❙✐ A ❡t B s♦♥t ❞❡✉① ♦✉✈❡rts ❞❡ X✱ ❛❧♦rs ❧❡ ♣r♦❞✉✐t ❝✉♣ ❡st ❜✐❡♥ ❞é✜♥✐ ❡t ♥❛t✉r❡❧ ✿

∪ : Hp(X,A;k)⊗Hq(X,B;k) → Hp+q(X,A ∪B;k) .

✷✽



✹✳✺✳✷ ❆✉tr❡s ♣r♦♣r✐étés ❞✉ ♣r♦❞✉✐t ❝✉♣

◆❛t✉r❛❧✐té✳ ❙✐ ❧✬❛♣♣❧✐❝❛t✐♦♥ ❝♦♥t✐♥✉❡ f : X → X ′ ✐♥❞✉✐t ❧❡s ❛♣♣❧✐❝❛t✐♦♥s ❞❡ ♣❛✐r❡s ✿

fA : (X,A) → (X ′, A′) , fB : (X,B) → (X ′, B′) , fA∪B : (X,A∪B) → (X ′, A′∪B′) ,

❛❧♦rs ✿

∀α ∈ Hp(X ′, A′;k) , ∀β ∈ Hp(X ′, B′;k) : f ∗

A(α) ∪ f ∗

A(β) = f ∗

A∪B(α ∪ β) .

❙✉♣❡rs②♠étr✐❡✳

∀α ∈ Hp(X ′, A′;k) , ∀β ∈ Hp(X ′, B′;k) : α ∪ β = (−1)deg(α) deg(β)β ∪ α .

❘❡❧❛t✐♦♥ ❛✈❡❝ ❧✬❡①❛❝t✐t✉❞❡✳

P♦✉r i : A →֒ X✱ α ∈ Hp(A,k)✱ β ∈ Hq(X,k)✱ δ(α ∪ i∗(β)) = (δα) ∪ β✳

✹✳✺✳✸ ❊①❡♠♣❧❡ ✿ Dp ×Dq

❖♥ ♥♦t❡ [Dp]♯ ∈ Hp(Dp, Sp−1) ✭r❡s♣✳ β ∈ Hq(Dq, Sq−1)✮ ❧❛ ❝❧❛ss❡ ❞✉❛❧❡ ❞❡ ❧❛ ❝❧❛ss❡
❢♦♥❞❛♠❡♥t❛❧❡ [Dp] ✭r❡s♣✳ [Dq])✳

▲❡ ♣r♦❞✉✐t × ❡st ❜✐❡♥ ❞é✜♥✐ ✿

× : H∗(Dp, Sp−1)⊗H∗(Dq, Sq−1) → H∗(Dp ×Dq, ∂(Dp ×Dq)) .

❆✈❡❝ α = [Dp]♯ × 1 ❡t β = 1× [Dq]♯✱ ♦♥ ❛ ✿ < α ∪ β, [Dp ×Dq] >= 1✳
❈♦♠♠❡ ❞✬❛✉tr❡ ♣❛rt ✿

< α ∪ β, [Dp]× [Dq] >=< [Dp]♯ × [Dq]♯, [Dp]× [Dq] >= (−1)pq ,

❝❡ ❝❛❧❝✉❧ ♠♦♥tr❡ q✉❡ [Dp]× [Dq] = [Dp ×Dq]✳

✹✳✺✳✹ ❆♥♥❡❛✉ ❞❡ ❝♦❤♦♠♦❧♦❣✐❡ ❞❡s ❡s♣❛❝❡s ♣r♦❥❡❝t✐❢s

❚❤é♦rè♠❡ ✹✳✺✳✹✳ P♦✉r n ≥ 1✱ ❧✬❛♥♥❡❛✉ ❞❡ ❝♦❤♦♠♦❧♦❣✐❡ H∗(CP n) ❡st ❡♥❣❡♥❞ré ♣❛r
α ∈ H2(CP n)✱ ❝❧❛ss❡ ❞✉❛❧❡ ❞❡ [CP 1] ∈ H2(CP

n)✱ ❡t ♦♥ ❛ ✉♥ ✐s♦♠♦r♣❤✐s♠❡ ✿

Z[α]/αn+1 ≃ H∗(CP n) .

▲❡♠♠❡ ✹✳✺✳✺✳ ❆✈❡❝ ❧❡s ♥♦t❛t✐♦♥s ♣ré❝é❞❡♥t❡s ✿ < αk, [CP k] >= 1 ♣♦✉r 1 ≤ k ≤ n✳

✷✾


