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9N9]9 ~ _ Q A+E ` G C H `IA:E |+G O �+G E HDG 924bA H A+EFC l

MwL�MNv]z�v HPG�5 9 " L+vNE HPG EFL+E H�_ CDv�A:E O G�� L+O Q G Q ODA:v H Q L\EFC<M G C� G =�y�M]L O G M]L H v]A+E un+1 = f(un) _ A:E ? G = H�| A:vNO�{:= G M G z G z��@O G Q G6� L\= ` a@G�HPG E Q |+G O^C l
MNA:OPCP{�= G

n → ∞ _�GIH {�= G M G z G z��FO G Q G Q OPA+v HDG�HPG E Q |+G OPC f(l) }ua@G =	9N9]9�?BA+=FOP{�=@A:v _ L\=�tuL+v H�7�~ 9�JKE L Q A+EF`
f(l) = l

9
�b= z�A+z G E H QSR VW`IOPv]O G M G `IA:ODOPv � V _ ! G CPL\vwC Q V+! � {�= G ! G Q GY| OPL+v�M]v]O G Q L\E C {�= G M]{�= G�a@G =@O G C Q G C8)PJKE L
f(l) = l _ A:O f(x0) = x0 _ Q A:EF` l = x0 * 9]9]9";>v��YL5E G)| A:=FC<` a A>{�= G ?FL+C _ ` R G C H {:= G)| A:=FCbM R L |:G9� V�`IOPv H�_A+=${�= Gd| A:=FC M R VW`YODv]O G9�d� M]L�?@O G z�v �YO G A�`W`YL+CDv]A+E�9 " V Q v HPG9� Q A:EF`�` G ?BA+v]E H 9:�;=<?>A@?BDC�EGF$HJILK&ILH$ILM�<ONQP�IR<JSGT�M(F�UGUGUV�WYX Z�[\Z�[&]^Z�[3_�`�C&EaIcb+NQd�<OSGd9M�S <JefK�F

f
dhg IiHjSGF+d�k�l ILSGHjF�SGb�SmUGUGUn9WYX Z�[oZ�[&]^Z�[3_�`�CDp3F+HJqJNQd�d�F1d�F\qOF�qOF+HJI�EaILSGqOqJe\ILEGEGF�HrksM(dutJb+HJNQSGqJqvILd�<OFQCwP�IRxjNQHje�F�p�ILH

x0

CyK�NQd�b\b+NQd9z�F+Hj{QF�d�<JFsz�F+HJq
x0 |�}�~ SGF+dF+d9<JF+d�K�MhUGUGU
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JKO Q A+EF` _ A:E L
f(l) = l

9 " L\vwC<M R vNE@V � L+MNv H V 0 ≤ un ≤ x0
?FL:CDCDV G�� M]L5MNv]z�v HPG Q A:E@E G 0 ≤ l ≤ x0 _ GYHCD=@Ob` GYH vNE HDG O | L+MNM G+_ x0 G C H M]L�;���� � � CDA+M]= H v]A+E Q G ` GIH�HPG VW{�=FL H v]A+E��

	F9 } L ~ JKE L δn+1

δn
=

x0 − un+1

x0 − un
=

f(x0) − f(un)

x0 − un
· " L\vwC

un −→
n→∞

x0
Q�R =@E G ?FL+O H�_oGYH QSR L\= H O G ?FL+O H�_

f(x) − f(x0)

x − x0
−→

x→x0

f ′(x0) _ Q A+EF` f(x0) − f(un)

x0 − un
−→

n→∞

f ′(x0) _ CDA+v H�G E `IA+O G � δn+1

δn
−→

n→∞

f ′(x0) =

1 − sin x0

2
_�GIH �FE L\M G z G E H �

δn+1 ∼
(

1 −
√

3

4

)

δn.

4bA H A:EFC7{:= G M R G EF`WL Q O G z G E H ? G =�� EFL\= Q 1 <
√

3 < 2
L:CDCD=@O G�H A:= H Q G z��Yz G � 1

2
< λ = 1−

√
3

4
<

3

4
·

} � ~ 4bA H A:EFC αn =
δn

(4/5)n
· JKE L αn+1

αn
−→

n→∞

λ

4/5
<

3/4

4/5
=

15

16
· ��=Fv]CP{�= G αn+1

αn
−→
n→∞

λ

4/5
<

15

16
_ v]M

G y�vwC HPG =@E�OPL+E � N0 HDG M�{:= G+_ ?BA+=@O H A+= H n ≥ N0 _ 0 <
αn+1

αn
≤ 15

16
_ Q A+EF` 0 ≤ αN0+1 ≤ 15

16
αN0

_
?@=@vwC

0 ≤ αN0+2 ≤ 15

16
αN0+1 ≤

(

15

16

)2

αN0
_�GIH ?FL+OjODV�`I=@OPO G EF` G v]z�z�V Q vwL HDG �

∀n ≥ N0, 0 ≤ αn ≤
(

15

16

)n−N0

,

Q A:EF`
αn −→

n→∞

0
Q A+EF`

δn = o

((

4

5

)n) 9
� GIHDHDG�HDG ` a E@vw{:= G L+?@?@M]v]{�=@V G L\= OPL+?@? A:O H βn =

(1/2)n

δn

? G OPz GIH�H OPL Q G z�A:E H O G O Q G MwL�z��Yz G tuL+�YA+E
(

1

2

)n

= o(δn) _ M R L\O � =@z G E H `IM]V�V H L\E H {�= G βn −→
n→∞

1/2

λ
∈ [0, 1[

9

� 
 r s��
	)hjiI1�� ��h�� hjr�qmn)6w�u� �Uq�1�q?�Yk�3'h

8:9
f G C H `YA+E H v]E>= G+_BGIH z��Yz G Q VYOPv | L+�@M G CD=@O R

∗

+ _ L |+G ` f ′(x) = 4x3 + 6x2 + 1 +
1

x
_ {�=FL+E H v H V�C H OPvw` HDG z G E H? A�C�v H v |+G ? A:=@O H A+= H x > 0 _ Q A+EF` f G C H C H OPv]` HDG z G E H `IOPA+vwCPCDL+E HPG 9 � G CoM]vNz�v HDG C Q G f G E 0+ GYH +∞ C�A:E H ?FL+OL\v]MNM G =@O^C V | v Q G E HDG C } M G C Q vNx"VYO G E H C�?@OPA H L � A+E@vwC HPG CoV H L\E H QSR L:`Y`YA+O Q C ~ � f(x) −→

x→0+
−∞ GYH f(x) −→

x→+∞

+∞ 9
� L'`IA+E H vNE>=@v H V _ M]L$C H OPv]` HDG `IOPA+vwCDCPL\E ` G�GYH M G C�MNv]z�v HPG CdE@A:=FCdL+CPCD=@O G E H {�= G f

OPVWL+MNvwC G =@E G �Fv ! G ` H v]A+E Q G R
∗

+C�=@O
R
9��7A:=@OjM G�� OPL+? a@G:_ A:E'C G `IA:E HDG E HPG Q G ?FM]L:` G O f(1) GIH Q G O G CD? G ` HPG OjM G C�M]vNz�v HDG CW9X@9 , vNy�A+EFC n ∈ N

9 � R L\?@?@M]vw`YL H vNA:E f
V H L+E H =@E G �@v ! G ` H v]A+E Q G R

∗

+

CD=@O
R _ A+E G C H ` G O H L\v]E�{�= G n

?BA:CPC�� Q G =@E=@E@vw{:= G L+E H VW`YV Q G E H ? L\O f
9

	F9KJKE L
f

(

n1/4

2

)

=
n

16
+ o(n) ∼ n

16
_ Q A+EF`

f

(

n1/4

2

)

n
−→

n→∞

1

16
_ Q A:EF`

f

(

n1/4

2

)

n
≤ 1

?BA+=@O
n
L+CPC G��

� O^L\E Q 9FJKE$L\=@O^L�L\M]A+O^C �
f

(

n1/4

2

)

≤ n = f(xn),

GIH M]L��
���
��������`IOPA+vwCPCDL+EF` G Q G f
EFA+=FCjL:CDCD=@O G {�= G n1/4

2
≤ xn

9
��=@vwCD{�= G n1/4

2
−→

n→∞

+∞ _ A+E$`IA+E `IM]= H � xn −→
n→∞

+∞ 9
�Q;=<?>A@?B�EGF�HJILK&ILH ILM�<ONQP�IR<JSGT�M(F��(b+F+< ILHj{QM�P8F+d9<YKhg M�d(SGb�S <Je�K�NQS <wl NQHJb+e+P8F+d9< ILp�p&ILHJI��G<OHjF�qONQM�qwM�M�F�l NQHJP8F NQM M�d�FfILM�<OHjF
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� 9KJKE[L
f(x) ∼

x→∞

x4 GIH xn −→
n→∞

+∞ _ Q A+EF` f(xn) ∼ x4
n

9 " L\vwC
f(xn) = n _ Q A+EF` x4

n ∼ n _�GYH�G E�� E
xn ∼ n1/4 9
��� ��� ���	� 
 ��� ���	� 
�� � ��� ��� ��� ��� � ��������� � � ����
�� �
� � � xn

n1/4
=

(

x4
n

n

)1/4

· · ·
�@9 xn

n1/4
−→
n→∞

1 _ A+Ob` G OPL+?@? A:O Hj| L\= H 1 + yn
?FL\Ob`YA+EFC H OP=F` H v]A+E _ Q A:EF` yn −→

n→∞

0
9

�F9KJKE'CD=@v H M R vNE Q v]`WL H vNA:E Q G M R VYE@A:EF`IV��
n = f(xn) = n(1 + yn)4 + 2n3/4(1 + yn)3 + n1/4(1 + yn) + ln

(

n1/4(1 + yn)
)

= n (1 + 4yn + o(yn)) + 2n3/4 + o(n3/4)

Q A+EF` −2n3/4 ∼ −2n3/4 + o(n3/4) = n (4yn + o(yn)) ∼ 4nyn GIH L+vNEFCDv yn ∼ − 1

2n1/4
_ Q A:EF` yn =

− 1

2n1/4
+ o(1/n1/4) _ ?F=@v]C G E'O G ? A:O H L\E H Q L\EFC xn = n1/4(1 + yn)

�

xn = n1/4 − 1

2
+ o(1).

� 9KJKEUV�`IOPv H z�L\v]E HDG E L\E H xn = n1/4 − 1

2
+ εn _@GYH A+E'ODVWvNE&! G ` HPG Q L\EFC�M R VW{�=FL H vNA:E f(xn) = n

C G M]A+E'M G z��Wz G?@ODv]EF`YvN? G�} A:� HDG E@vNOj=FE HPG OPz G VW{�=@v | L+M G E H<� εn
V � L\M � =@E HDG ODz G VW{�=@v | L\M G E H<� {�= G Mw{�= G ` a A:C G Q G C�v]z�?@M G�~ 9� MwL�?FO G z�v �YO G V H L+? G:_ f(x)

L | L\v H V H V V | L\M]=@V�C�v]z�?@M G z G E H L\=UE@v |:G L+= Q G M R VW{�=@v | L\M G E H 9>�7A+=FO ?FODA:MNA:E �+G OZM GQ V |:G M]A+?@? G z G E H L+C��>z�? H A H v]{�= G Q G xn _ A+E$L | L+v H L\OPO^L+` a Vb=FE HPG OPz G Q G ?@M]=FC � f(x)
9�� H ?BA+=@OjA:� HDG E@v]O =FEE@A+= |:G L+= HDG ODz G Q L+EFC�M G �<� Q G xn _ Q GY| vNE G9� {�=@A+v 7

n = f(xn) = n

(

1 − 1

2n1/4
+

εn

n1/4

)4

+ 2n3/4

(

1 − 1

2n1/4
+

εn

n1/4

)3

+ n1/4(...) + ln(...)

= n

(

1 − 4

2n1/4
+ 4

εn

n1/4
+

6

4n1/2

)

+ 2n3/4

(

1 − 3

2n1/4
+ o(1/n1/4)

)

+ o(n1/2)

= n + n3/4(−2 + 2 + 4εn) + n1/2(3/2 − 3) + o(1/n1/2)

Q A+EF`
4εnn3/4 =

3

2
n1/2 + o(n1/2) ∼ 3

2
n1/2 _ Q A+EF` εn ∼ 3

8n1/4
_FGIH A+E Q A:v H ? A:= | A:vNO<`YA+EF`YMN=FO G CDv	A:E G C HL\OPODv | V�! =FCD{�= G M � 9

�
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